Supplement to “Bootstrapping Realized Volatility”

Silvia Gongcalves*and Nour Meddahi'

This Appendix is organized as follows. First, we introduce some notation. Second, we provide
auxiliary lemmas (and their proofs) used in deriving the cumulants expansions in Appendix A of the
paper. Lastly, we prove Proposition 4.2 and part c) of Proposition 4.3, not included in Appendix B.

Notation
Recall that o? = f(ih D o2du < oo, and for any q > 0, O’h = pl-9/2 Z:ﬁ (0’2)q/2 = pl-a/2 le/}i q

2)(1/2. Note that in general o} # 07 = fo oldu. We let o, =

7

where O‘q = (a for any ¢,p > 0.

(Jp)q/p
R,

W. We let p, = E|Z|?, where

Z ~ N(0,1) and ¢ > 0, and note that py = 1, py = 3, g = 15 and pg = 105. Since puy = 1, we can

write 02 = py02, which will be convenient for proving the results for the WB.

Write Ty = Sp, (VKh)_m — S, (1 + \/EUh)_l/Q, where

When 09 is replaced with UT]L we write 0y, . Similarly, Ry, =

. \/F(Rg—/@?) o U = \/F(V—Vh)

VW Vi ’

and Vj, = Var (\/ hfle) = (,u4 — u%) 07%. The proof of Lemma S.2 below relies heavily on the fact
that

1/h 1/h

Rz—;@p:Z(r?—qu—?) and V -V, = Mu2h IZ’F —p4o’)
i=1 4 i=1

where for any ¢ > 0, |r;|? — p,0f are (conditionally on o) independent with zero mean since r; = o;u;,
where u; ~ iid. N (0,1).

Similarly, let S} = hil(Rj‘;:* (RS)), Up = w, where V* = Var* (h_1/2R§) and V* is a

~1/2
consistent estimator of V*. Then T = Sy (1 + \/EUZ‘) . For the i.i.d. bootstrap, V* = Ry — R3

and V* = Rj — Ri%. For the WB, V* = (j — u3%) Ry and V* = (“2450) Ry,
Finally, note that throughout we will use z##m#k to denote a sum where all indices differ, e.g.

Doikith = Daig itk jk
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Auxiliary Lemmas

Lemma S.1 Let q, p and s be positive even integers. It follows that

1/h
a.p _ p—2+%2 (g a+p
Zaioj = h 2 <‘7th h o, ),
i#]
1/h
q_p _ 3T (T (TP (55 24 THEE [ atp o5 as
Zaiajal = h 2 (o) oy, (O’h)—h 2 |0, " of t+oy
i#il

_ qtp+ts
+2h 1+ B} O_;]_L‘i’p“rs .

Lemma S.2 Under Assumption H, conditionally on o,

al) E|r|? = p,of.

a2) V, =Var (h_1/2R2> = (py — 113) Uih

g+al ) @)

i s -
a3) E (R2 - MQO'Q) } = h? (1g — iy + 2013) o)
I —\4 —\2 S
ad) E (Rz - ;@02) } =302 (j1y — 113)” (fﬁi) + 17 (s — 4papg + 12050y — 6p13 — 3p3) o
a5) I '<R2 B uzai) (f/ B Vh)} gy (= 13) (g = papa) —5
L My "
i s ] -
a6) E (Rz — a0 ) (V - Vh) = h? M4M4M2 (ks — 13 — 2uoptg + 2p5py) 05
-~ [ —\? (v T o (i — M%)Q (e — Hotty) — 3
aT) (RQ—MQO') (V—Vh) = 3h i 0h+0(h),a5h—>0.
a8) F '(RQ ~ Wp)“ (V= v)| = wta—ta 13 4 (g — Bpapta + 2413) (e — pafts) ( 2)7 B
— : Ha +6 (s — 115 — 2papt6 + 205 01y) (g — 113) 0 0
O (h4), as h — 0
[ =3\ (¥ 2] (g — M2)2 2\ 12710 2
a9) E (R2 - M202> (V - Vh) = T (/ho — 244106 — popis + 2#2#4) h Uho =0 (h ); as
i | 1
h—0
[ 2 2 2 (14— 113)° 2 2\ 1§ 2 (752
al0) E (R2—M202> (V—Vh) =h'—F ((M—MQ) (MS—M) o o, + 2 (g — papy) <0h> >+
L Hy
0] (hg), as h — 0
al1) E | (R, - Wﬂ)?’ (V- vh)2 — 0 (¥ + 0 (h'), as h — 0.
N2
- 4, 97 92 3M—22 —u2) (of) o8
3.12) E (RQ _ M202> (V _ Vh) — h’SM ( 4 :u22) (MS 4) (2 h)ﬁ 57 +0 (h4),
: . Ha 12 (pg — 113) (16 — p2bta) (Uh o},
as h — 0



Lemma S.3 Under Assumption H, conditionally on o,

E(Sp) = 0

E(S}) = L

E(S}) = vVhBiogan;

E (Sﬁ) = 3+ hBaogap;
E (SpUy) = Aiosan;
E(S}Uy) = Vh(As0os4p);

and as h — 0,

E(SjUn) = Asoean+O0(h);

E(SiUn) = Vh[Diosan+Daodan] +0 (h¥2);
E($U7) = O(n'?); B(siuR) =0 (n'?):

E (S;UR) [Crosan+ C205 4] + O (h);
E(SyUR) = [BEwosan+ Ea0g,,] +0(h).

The constants A1, As, B1, Bo, and Cy are as in Theorem A.1, and A3 = 3A1, Cy = QA%, D1 = 6A,,
Dy = 4A1 By, Ey = 301, and By = 1242,

Remark 1 The WB analogue of Lemma S.2 replaces ;Z with Ry and p, with p; = E* [n;|*. The
WB analogue of S.3 replaces oqpp with Ryp (and p, with py = E* In;|1), vielding e.g. E* (5;;3) =

* * 0k *3
\/E(BTR6747]—L), where B} = He—oHalla T2y 3“2“4:2/’22 .
(m5—n32)

Lemma S.7 below is the i.i.d. bootstrap analogue of Lemma S.3. The next results are auxiliary in
proving Lemma S.7.

Lemma S.4 Let rf ~ i.i.d. from {r;:i=1,...,1/h}. Under Assumption H, conditionally on o, for
any q >0 and for anyi=1,...,1/h,

al) E*(|rf]?) = h?R, and E* (R}) = Rg=0p(1).

a2) B (172 = hRy)°| = 1 (Ra — R3).

a3) E* [(r2 - hRy)®| = 1% (Rg — 3RuR; + 2R3)

ad) B (172~ hR2)"| = bt (Rs — 4ReRy + 6R4R3 — 3R3)

a5) E* [(r:2 — hRy)"] = h¥ (Rio — 5RsRy + 10ReR% — 10R4R} + 4R3) .

a6) E* |(r2 — hRy)°| = hS (R — 6R1oRy + 15Rs RS — 20RR3 + 15R4R: — 5RS) .

a7) E* [(r;? — hRy)"] = Op (h9), for any ¢ > 7, as h — 0.

a8) B (7' = 12Ry)*| = n* (Rs — R3).



a9) E* [(r;2 — hRy) (r}* — h®Ry)] = h? (Rs — RuRy).

a10) E* [(r:2 — hRy)® (r** — h2Ry)| = h (Rs — R2 — 2ReRy + 2R, R3) .

(3

all) E* _(rfz — hRy)® (r1* — h2R4)_ = h® (Rio — Ry4Rg — 3RgRy + 3RIRy + 3R R3 — 3R4R3) .

7

_ _ _ 2
a12) B [(rr2 - i) (1 )] =g (T2 Tl 0 ¢ A ORI,

—6R2R% — 4RsR3 + AR, R}

a13) B ((r? = hRy) (rf = h*Ra)*) = h° (Ryo — 2R4Rs — RsR + 2R3Ry)

al4) For any q,p >0, E* [(T;"z — hRg)q (r,;k4 — h2R4)p] =0Op (h‘”zp), as h — 0.

Lemma S.5 Let r} ~ i.id. from {r;:i=1,...,1/h}. Under Assumption H, conditionally on o,
al) V* = Var* (h"Y/2Rj) = Ry — R2.

a2) V' = V* = Rj — Ry — |(R; — Ro)’ + 2R (R} — Ry)) .

a3) E* [(R; — Ry)?| = h? (Re — 3R4Ry + 2R3) .

ad) B [(Ry — Ry)Y| = h2 [3 (Ry— Rg)ﬂ +h3 (Rs — ARgRy + 12R,R2 — 6R} — 3R2) .

>

a6) E”

(R5 — Ry)°| =

(
a5) E* [(R — Ry)°| = h? [10 (Rg — 3RyRy + 2R3) (Ry — R2)] + Op (hY), as h — 0.
* 15 (R — B)*| + Op (h), as h— 0.
(

a7) E*[(R; — Ro)" = Op (h") for ¢=17,8, as h — 0.

a8) E*[(R5 — Ry) (R} — R4)] = h(Rs — R4R3) .

a9) E* [(R; ~ Ry (R — R4)} — h% (Rs — R2 — 2RgRy + 2R, R2) .

al0) E* |(R; — Ry)® (R, — Ry)

= 3h* (Rg — R4R2) (Ry — R3) + Op (h?), as h — 0.

4 (RG —3R4Rs + 2R§’) (RG — R4R2)

4
(Ri— R2) (Rs — 2 — 2RoRo + 20,83) | T OF (M) a8

all) E* (R; - R2)4 (R} — R4)_ =h3 [ 46
h — 0.

al2) E* [(R; — Rs)® (R: — Ry)| = 13 [15 (Ry — R2)” (Re — R4R2)] +0p (h*), as h — 0.

a13) E* [(R; — Ry)® (R — Ry)| = Op (h*), as h — 0.

ald) E* [(R; — Ry) (R} — Ra)?| = h? (Rio — 2R4Rg — RsRy + 2R3Ry) .

al5) E*
0.

(B3 — Ro)? (R; — Ra)’| = 0 [(Ra — B3) (Rs — R3) +2(Ro — RuRy)?| + Op (%), as h —

al6) E* [(R; — Ro)® (R — R4)2} = Op (h), as h — 0.

4



3(Ry— 13)" (Rs — RY)

Rt h )
—|—12(R6—R4R2)2(R4—R%) +OP( ),018 — 0

al7) E* [(R; ~ Ry (R — 34)2} —h?

Lemma S.6 Let r! ~ i.i.d. from {r; :i1=1,...,1/h}. Under Assumption H, conditionally on o, as
h — 0,
al) B |(Rs— Ro) (V" = V*)| = h (R — 3RuRz + 2R3) + Op (7).

- . _ p2 2\ _ p2)2
a2) £ (- (5 - )] =g | (o B 2B+ ) (11— )

3
—2Ry (Rs — 3R4Ro + 2R3) } +0p ()

a3) B |(Ry— Ro)’ (V* = V*)| = 0 [3 (Ru — B3) (R — 3RaRRs + 2R3)] + Op (%),
ad)
- SR 4 (Rg — 3R4Ry + 2R3) (Rg — R4R2)
E [(RQ - Ry’ (V -V )] = [ +6 (R(4 ° R3) (4382— R} i)2}2661%2 +42}§4R§) ]
~h* (15 (Ra - B3)’
—h? [20Ry (Re — 3R4R2 + 2R3) (Ry — R3)| + Op (1) .
ab) E* _(Rg — Ry) (f/* — V*)1 = Op (h?).
] , (Ry — R3) (Rs — R3) +2(Rs — R4R»)”
a6) E* |(R} — Ry)> (f/* - v*) = 2 —12(Rs — RaRs) (Ry — R3) (R») +0p (h?) .
- +4(Ra)? [3 (s - R3)’|
a7) B (RS — Ry)? (V* - v*)z_ = Op (h?).
a8)
B [(R; ~ Ry (V* - v*ﬂ = 3 [3 (Ra— R2)® (Rs — R2) + 12 (R — RuRy)* (Ra — Rg)}

—n? [60 (Rs — R3)” (Rs — RuRy) (Rz)}

+h3 [60 (R4 — R%)g (Rg)ﬂ +Op (h4) .

Lemma S.7 Let r} ~ i.i.d. from {r;:i=1,...,1/h}. Under Assumption H, conditionally on o,

E" (S3) 0;
E* (S = L
E* (S,’;g) = VhBu;
E*(SiY) = 3+4hBy;



and as h — 0,
E*(S;pUr) = Ai+0p(h);
E* (S;;zUh) = \/E/Ig + Op <h3/2> ;
E* (Si*Uy) = As+0p(h);
B (Si'U) = VhD+0p (h*?);
E* (SpUR?)
E* (S;2U5?)

— Op (h1/2> L B (SPUR2) = Op <h1/2> :
= C+O0p(h); and E* (S}*U;?) = E+ Op (h).

The bootstrap constants Ay, Ao, By, C, D and E are as in Theorem A.2, and A3 and By are such that
Ag = 3A1 and Bl A1

Proof of Lemmas S.1-S.7
Proof of Lemma S.1. For (1), note that

1/h 1/h 1/h 1/h
St~ (Xt (L) - (e
i#j i=1 j=1 i=1
1/h 1/h 1/h
144 _a _14p _p et _atp
= hMe2 R o | AR (AR of | - pT R AR ot
pt o ;
_ 2+ (TG TP q+p
= h 2 (O’h O'h h o, )
For (2), note that
1/h 1/h 1/h 1/h
R VoK1 [ Do DO IS WERE WELKTD SRR e
i#j#k J=1 k=1 i#] i#] i#]

and then proceed as for (1).
Proof of Lemma S.2. al) follows from r; = o;u;, where u; ~ iid. N (0,1). For a2), note

that Ry = ZZ 1 r2, where r? is (condltlonal on o) independent with Var (r?) = E (r}) — (E (T‘?))Q =

7 7
pyot— (,u20i )2 = (u4 - ,u2) o}, with o} = (ai) . To prove the remaining results we use the multinomial
formula to compute the coefficients in the expansions. In particular, we have that

n!
n o __ ny n2 . Nd
(a1 +az+---+aq)" = Z n1!n2!--~nd!a1 2 -
n1,n2,...,nq>0
ni+---+ng=n
Proof of a3): Write
1/h 1/h 1/h
n=E (R ) | = B |SS 0F - o) (0 - o) (1 - o)
=1 j=1 k=1



The only non zero contribution to I; is when ¢ = 7 = k, in which case we get F [(r? — /@U?)S} =

(uﬁ — 3pgpy + 2,u‘3) 0? and I; = h? (,uﬁ — 3oty + 2,u§) 072, proving a3). Proof of a4): Using the inde-
pendence and zero mean property of {7’3 — uza?}, we have that

. 1/h . 1/h ) )
E [(RQ—/QUQ) ] = ;E [(7”3—#2012) }4‘3;1}? [(722_”2‘712) }E [(TJZ_/‘?U?) }
1/h o L/h
= Bl -m) ] ot (B [0 - )]) Lot

i#]
N 2 S
= (g — 343 + 6131 — dpgpg) W30S +3 (ny — 413)” [h2 <( %) —h (Ui)ﬂ

2 (—1\ 2 —
= 3h% (uy — 13) (0?) + h® (g — dptopg + 12045 — G4t — 3u3) (02) :

where we have made use of Lemma S.1 and of the following results:

4
E [( ) ] = B [uf —4uip3 + 6uips — duf s + ] = pg — 34t + 6pu3peg — Apiopi.
2
E|(—m)?| = Blul-2udpy+ ] = s — 13,
Proof of a5):
1/h
[(Rz—uga ) (V Vh)} - M P th 1ZE r —r ,u40' _IU:QO— +u2u4af)
4 =1
fg =13, 1,2 ) (kg — 13) (6 — potts) =5
= 2070 (g — popis) 0f = h ay.
My Ha
Proof of ab):
N2 Lk
B (R ) (V- 10)) = PSR ) 2 o)
Hy

) (Ms — 13— 2papts + 25 1) —5
Ha T

—\3 /.
Proof of a7): Write E <<R2 — [LZO'Q) (V — Vh)> = Mu;ﬁh_llg, where by the independence and

mean zero property of |r;|? — uyo?,

1/h 1/h
o= Y B|(rF = mod) (rf = maol) | #3830 B (07— pao?)” (7F = ma03) (1} = e
i=1 i£j
1/h ’ 1/h
= M1ZU%O+3E [(u?—,uQ)Q]E[(uQ—ug Za
=1 i#]

= 3h% (g — 113) (6 — papra) oy 0 + O (R,
given Lemma S.1, the fact that 010 = O (1) under our assumptions, and where M; = E [(u? — u2)3 (’u,;1 — u4)}

is a constant, and F [(u — MQ) } =y — p3 and E [(u — u2> (u;1 — u4)} = g — Holly-

7



——\4 /.
Proof of a8): Write E <(R2 - ,u2(72> (V — Vh)> = “4“;4“%]1_1[3, where by the independence and

mean zero property of |r;|? — pyof, and Lemma S.1,

1/h 1/h
I = SOB[(F - o) (rf = paol)] + 4 B[(F = o)’ B[ - 1a0?) (v} = puord)]
i=1 i#]
A 2 2
63 B | (12 = 120?)*| B[ (17 = 1o0?)” (v = o}
i#£]

— MhPol? 4 4M, <h4 (%) g h5a,1f> +6M; (W] of — h7?)
— [4M2 (?2)2 + 6 Mol 0%} +0(h°),

where M1 = F {(u? — u2)4 (u;L — ,u4)] , My=F {(u? — u2)3} E [(u? — ,u2) (u;1 — ,u4ﬂ
= (16 — Bpapiy + 2u3) (g — popiy) and Mz = E [(U? — /@)2] E [(U? — p1p)? (uf — m)}
= (,LLS — 3 — 2uq g + 2u§u4) (,u4 — ,u%) , and given the fact that ;Z = O (1) under our assumptions.
__ N 2 _ .22
Proof of a9): Write E <<R2 — ,u202> (V — Vh> ) = %h” Z,}g E [(7’3 — ,uQU%) (7’21 — u4of)2] =
0 (h?).
. N2 /A 2 (u 7#2)2 .
Proof of a10): Write E (<R2 — ,u202> (V — Vh> ) = %h”.ﬂl, where by the independence
4

and mean zero property of |r;|? — po0?,
1/h 1/h
2 2 2 2
I = 3E[0F - mol) (f - o)’ + 3B | (0 = mao?)’| B[ (] - ac)’]
i=1 i#j
1/h
+2) B [(r} = poof) (rf = maod) | B [(r] = p203) (] — pacrj)]
i#]

DB 4 Dy (hioF o — 15912 +2Dx (14 (55 — 1igT2
1 A 2 oy oy oy + 3 oy oy,

= pt <D20';41 0'7%4- 2D3 ((772) 2) + 0 (h5) ,

2
given Lemma S.1, and where D; = FE [(uf - ,u2)2 (u} — u4)2}, Dy=F {(uf — M2)2i| E [(ugl - N4) ] =

(114 = 113) (s — 113) and Dy = [E ((uf = pa) (! = 1)) )" = (16 — prira)*



4

—\3 /. 2 _,2)2
Proof of a11): Write E <<R2 — ,u202> (V — Vh) ) = (MTSQ)h_QQ, with

1/h 1/h

I = Y B[ 1p0d)’ (= maod)’| + Y B[ - 1od)’| B[ (1] = o)’

i=1 i#£j
1/h

—I—3ZE [(7‘3 — ,uzag)Z] FE [(T? — ,u20?) (7‘? — ,u40'?)2]
i
1/h

2

163 B[(07 — ma0?)” (4 = o) B (3 1202) (r} — pao)]

i#]
= Kol 4 Ky (W0f o — WOolt) 4 3Ky (hof ol — h0lY) + 6Ky (hPof of — no}!)

= h5 (KQO'}GL O'}Sl + 3K30';11 0'1110 + 6K40’2 0'2) + hG (Kl 2 - 3K3 — 6K4) }ll
where we have used the independence and mean zero property of |r;|? — Mng, Lemma S.1, and where
K through K, are constants depending on j,. Since o} = O (1), the result follows.

—\4 /. 2 _,2)?
Proof of a12): Write E <<R2 — ,u202> (V — Vh> ) = (MTSQ)h_Qfg, with

4

1/h 1/h
I = Y B|(2=mod)! (= maod)’| + 3B [(F = o) B[ (1] - mao?)’

0 i#]j

1/h

3

18D B (12 = 10)” (rf = o) | B[ = 1120%) (7 = pac))]

ity

1/h
63 B [(17 = pao?)” (v = pac!)?| B[ (13 = 1a0?)’]

i#£] i

1/h
+4Y B |(rF = 120?)’| B[ (1} = 120?) (1) = o))’

i#j

1/h
163 E[(rF = 1a0?)” (! = o) | B [(2 = 1a0?)? (r} = puaord)]

i#

1/h
+3 Z [ 2 — ol 2} E |:(’r’]2 — ;LQO'?)2:| E [(rﬁ — ,u40i)2}

i#j#k

1/h
2

112 3" B[(F = 10?)’| E[(F — 120?) (r} = o)) B [(1F = a0?) (i — pacrh)]

i£j#£k

= [3J7 <7§>272+ 125 (0%)20%} +0(h%) +0 (),

given the independence and mean zero property of |r;|? — ,uza?,

o= (Bleew’]) Blel-w?] = (ud) ) and
Js = B (12 = )| (B [(u2 = p) (ud = 1a)])° = (12 = 13) (115 — papra)”

Lemma S.1, and where

9



Proof of Lemma S.3. The first two results are obvious given Sy. The remaining results follow from
the definition of S}, and Lemma S.2.

Proof of Lemma S.4. Part al) follows from the properties of the i.i.d. bootstrap. The remain-
ing results follow from al), given the binomial expansions. Note in particular that since R, =

Op (1), it follows that E* [(r/2 — hRy)"] = Op (h9). For instance, for a2), E* [(r;‘Q —hRgﬂ -
E* (r* = 2r°hRy + (hR)”) = h? (Ry — F3) . The other results follows similarly.

Proof of Lemma S.5. For al), since r} are i.i.d. from {r; : i =1,...,1/h}, it follows that
1/h 1/h
V*=hVar* Zr;‘Q =h! Z Var* (r}?) = h2Var* (r?).
i=1 i=1

But Var* (ri?) = E* (r{*) — (E* (rfz))Q = h?Ry — (hRy)?. Thus, V* = Ry — R%. Part a2) follows
because V* = Ry—R% and V* = Ri—R32. For the remaining of the proof, note that ZZJ; l=h"2-h"1,
Sigjapl =h? 42071 =372 and 310", 1= h™ —6h7%+11h~% — 6h~". In addition, note that

1/h 1/h
R;—Ry=) (rf>—hRy) and Rj—Ry=h""> (rf*=h’Ry),
i=1 =1

where for any ¢ > 0 {|r}|? — ha/ *Ry} are (conditionally on the sample) i.i.d. with zero mean, and
R, = Op (1). Using this independence property, we evaluate the bootstrap expectations of the sums
of products and cross products of |rf|? — ht/ 2Rq by relying on Lemma S.4 to compute the appropriate
bootstrap moments of products and cross products of |rf|? — ha/ 2Rq. We proceed as in the proof of
Lemma S.2 and use the multinomial expansions to compute the number of coefficients in each sum.
Proof of Lemma S.6. Using part a2) of Lemma S.5, for ¢ = 1,...,4, we can write

B[Ry~ R (V' = v*)| = E*[(R — Ry)" (R} — Ra)] - B* (R} — Ry ™"

2 (Ro) E* |(Rs — Ro)"™]
-1 I, 3)

Similarly, for ¢ = 1,...,4, note that
B (s - royt (v v )| = B [ - (- ) - 28 (R - R (85— )
—4(Ry) E* (B3 — o)™ (R} — Ra)| + B* |(R5 — Ry)"*"|
+4(Ra) B* | (R; — B2)*™| + 4 (Re)” B* |(R5 — Ro)**|
For al), set ¢ = 1 in (3). We have that

Ii = E*[(R;— Ry) (R — Ry)] = h(Rs — RyRy)
= g [(R; - Rg)ﬂ — 12 (Rg — 3R4Ry + 2R3)
I} = 2RE"|(R5— Ro)’| = 2R [h (R — B3],
by Lemma S.5. a8), a3), al), respectively. Thus
E* [(R; ~ Ry) (f/* - v)} = h[(Rs— RuRy) — 2Ry (Ry — R3)] — h? (Rg — BR4Ry + 2RY)
= h (R6 —3R4Rs + 2R§) + Op (h2) .
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The remaining results follow similarly.

Proof of Lemma S.7. The proof follows the proof of Lemma S.3, given the definition of V* and
given Lemmas S.5 and S.6.

Proof of Propositions 4.2 and 4.3.c) in Section 4

Proof of Proposition 4.2. When g (z) = log z, we have that

56 “I\1/2 g (o2 “A\1/2 56 52 56 52
7 (22 +1) + () glog(f) _ 1 (Jl z? %070 -1]+ 2070 )
o)3/2 V2 G 3 3

«|S
[\
—

q1710g(x) =

whereas for g (2) = z, ¢" () = 0 and

Since (?)2 < 66 62 by the Cauchy-Schwartz inequality, it follows that l < 4 o g g ‘(T % which implies

3 (o1)2 )27
that ¢1,10g () < q1 () for 2 fixed and non-zero. When x = 0, it follows trivially that g1,104 (0) = ¢1 (0).
Proof of Proposition 4.3.c). Define C' = ﬁ and C* = 150(20204(0022;;3)(/‘;2) , and note that

C > 0. It suffices to prove that |C'— C*| < |C|, which in turn is equlvalent to proving 0 < C* < 20
Next we show that C* > 0. The Jensen’s inequality implies that o% > (02) , and since o4 > 0,
follows that the denominator of C* is positive. For the numerator of C*, note we can write

1506 — 90 02 4 2(02)? > 1500 — 9(c1)3/% 4 2(62)3 > 9((64)3/2 — (64)%/?) + 606 + 2(c2)?,

using —(02)? > —o%. Since the function ¢(z) = 232 for x > 0 is convex, we have that (04)3/2 —
(64)3/2 > 0, which implies 1506 — 954 02 + 2(02)3 > 606 + 2(02)? > 0, proving that the numerator of
C* is also positive. Next we prove % < 2. We can write

C* 1500 — 901 02 +2(c%)®  2V/2(c?)%/?

= — — =(Cq x Cy.
C 86 (304 _ (02)2)3/2 1 x &2

We show that C7 < 2 and Cy < 1. First, note that

1506 — 954 o2 4 2(02)?
806

< 2 <= 1506-904 624+2(02)® < 1606

o
IN
EX
_|_
BN |
Q_k‘
Qw‘
_|_
N
)

[\
/N
Q

W
|
R
o
N—

which proves the result since (a ) >0 and 0 < 06 4 764 o2. Finally, we have that

2\@(;)3/2 (

i ) < (57 (7= )

which holds true since (ﬁ - (ﬁ)2> > 0.
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